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. Introduction.

n the hydrodynamical studies of the motion of the North Sea which were
nitiated at the Mathematical Centre in 1953 a rectangular model was
thosen to represent the North Sea basin. Neglecting amongst others the
nfluence of the Channel and the Kattegat this rectangle is bounded on
‘hree sides by coasts and on the fourth side by an infinitely deep

)cean. It can be expected that corners where different types of boundary
ronditions meet may cause analytical difficulties in the form of singu-
arities (see LAUWERTER [1] and [2]). In the present report a simplified
10del is studied in order to obtain further insight in the peculiarities
»f such corners. For this purpose the geometry of the problem has been
‘educed to a quarter plane with a boundary condition of the coast type

md one of the ocean type.

'he model describing the hydrodynamical motion of a quarterplane sea

rith the above—mentioned boundaries is as follows

2
1'1) Au=-pu=20, x>0,y >0,
w=0 x =0,y >0 ("coast" condition),
1.2) <
P du | . du - ‘s
| =4 k= - (x) . x>0,y = 0 ("ocean" condition),
g 0 A .

mere u = u(x,y) is the stream function,

Y = Y(x) is a given real function which satisfies
a uniform H8lder contion for 0 < x < ,

k = tgum (|Re ul j_%) is a known constant

md p is a known real constant.
'he constant k depends upon the value of the force of Coriolis and the

yottom friction.

jolutions of (1.1) can be represented by the integral

u = I o £(o) sin ax e Y aq ,

0
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f(o) is an unknown real function and y = y(a) = [1 + (p/a)2]1/“,

> 0.

actor a_1 is added to simplify the ensuing relations. The solution
satisfies the boundary condition at x = 0 and is bounded at in-

y. The function f(a) can be determined with the help of the con-

naty=0.

ituting (1.3) in this condition we obtain an integral equation of

usual type viz.

J fla) [y(a) sin ax - k cos ocx] do = ¥(x), x > 0.

0
e following we will distinguish the cases p = 0 and p # 0. In the
1

i

case equation (1.1) is the potential equation. With y(a)

la (1.4) simplifies to

[ (o) sin(ox - um) da = ¥(x) cos um, x > 0.
0
# 0 we substitute p = 1 in all equations concerned. This simply
. that we take p_1 as unit of length, so it causes no loss of

glity. We further take .F(a) = f(a) y(a) and obtain

J F(a) [éin ax - y_1(u) k cos ai] do = ¢(x), x > 0,
0

v y(a) = [1 + a_2]1/2.

, not difficult to find an explicit solution of (1.5) as is shown
sctions 2 and 3 with the aid of respectively the Hilbert problem
1ique and the Mellin transform method. The two solutions thus
ned are equivalent. Equation (1.6) is inverted in section 4 with
1id of a combination of the above-mentioned techniques. The last

.on is devoted to an example.




. The potential problem (Hilbert problem technique).

‘n this section we consider the inversion of equation (1.5)

J f(o) sin(ox = um) do = ¢(x) cos um , x > 0,
0
here u is a known constant (|Re u| < 1/2) and ¢(x) is a given real

[6lder continuous function.

Je introduce the analytic function

there z = x + iy, x > 0, y > O.

'his function satisfies the conditions

Im{¥(z)} =0 , x=0,y >0,
2.2)
Im{e ""M¥(z)} = ¥(x) cos um , x>0,y=0,

nd ¥(z) is uniformly bounded in x > 0, y > O.
jy the conformal mapping w = z2 (w = u + iv) the quarter plane x > 0,
* > 0 is mapped upon the upper half plane v > 0. Taking &(w) = W(w1/2)

nd ¢(u) = w(u1/2) we obtain the following relations

Im{¢(u)} =0, u< 0,
2.3)

Im{e_uWiQ(u)} = ¢(u) cos um , u> 0,

hile ¢(w) is uniformly bounded in the upper half plane v > O.

'he relations (2.3) constitute a Hilbert problem for a half plane and

wre equivalent to

+ 2uri - . oumi
= e UL o (u) . UL

2.h) ¢ (u) 2ie cos um ¢(u), u > 0,

+ ;
there ¢ (u) = lim

v>+0

¢(w) and @ (u) = limv»_o ¢(w). The corresponding




s:neous problem (¢(u) = 0) has solutions which are linear combinations
‘tors wk_u, where A is an integer. These functions tend to infinity

> as |w| -+ 0 or as [wl + «, Therefore the homogeneous problem has
.ution which is uniformly bounded for v > 0. The solution of the
>geneous problem must be unique and can be represented by the

7fing integrals.

oo

u
£ o(t) gp, ip -1/2 < Re u < 0,

2(w) = t-w

SRER
(0]

- [
* cos urT W u J
0

u=1
o(w) e cos um w —

1]
3=

u . J b 0(8) 4t ir 0 <Rey < 1/2.
0

1g the HSlder condition for ¢(u) at infinity as [¢(u)=o(=)| < C|u|-a,
, it can be shown that the functions (2.5) have the prescribed
lour as |w| - 0 and |w| » <, provided that ¢(») = 0 if a < 1 + Re u

agative Re p or if o < Re u for positive Re u.

> following we will only state the formulae for negative Re u
2itly. Those for positive Re u can then be deduced simply. In the

1al quarter plane

- (e ou+
¥(z) = g'euﬂl ‘cOS um Z 2u J ELz;*JLgél ds.
m 5 s - z”

he solution of (1.5) can for example be written down with the aid

Re{w+(x)} = J f(a) cos ox da ,
0
) + )
again ¥ (x) = lim vu(z).

y->+0
en follows that

fla) = % { Re{W+(x)} cos ax dx ,

0

one can use for instance

Re{w+(x)} = -gin um cos um Y(x) + % cos? u X-Qu{ s (s) 4.
0




\J1

s a check on the results we consider the limiting case p = =1/2. Provide
hat the limit w*(x) = limu_>_1/2 ¥(x) cos um exists, this corresponds to
he boundary condition (Bu//fax) = -y (x) at x > 0, y = 0. Using repre-
entation (1.3) this yields immediately

fla) = - % J w*xx) cos ax dx .
0
Then we let u tend to =1/2 in (2.9) we get

+ >
Re{V (x)} = =v (x),
hich can be substituted in (2.8) to give the same result.
le can modify (1.3) a little with the aid of (2.8) in order to be able
0 substitute (2.9) directly. If all integrals concerned converge

Jbsolutely so that we may change the order of integration we can write

(o] (o o] + _ ) _
2.10) u = ( I Re{¥ (t)} « 1 sin ox cos at e ¥ 4t da
)
0 O

EWI

3o

(o] + (o] - . -
= [ Re{¥ (t)} dt [ o sin ox cos ot e X dg
J
0 0

= %FJ Re{¥" ()} [1n(t2-2°) - 1n(t2-22)] dt.
0

n section 5 a potential problem will be solved with the aid of the

tbove formula.




™

s

e potential problem (Mellin transform method).

we consider equation (1.5). We multiply both sides of the equation
n(Bx - um) and integrate with respect to x from zero to infinity
tain

o«

(
£(a) cos um J ¥(x) sin(Bx - um) dx.
0

o+fB

£(R) - %-sin QUH’J da =

0

2
m

en apply a Mellin transformation with respect to B in the following

gives rise to

. _ 8in 2um _2 " =S .
[ = Sﬂjb(s) cos um { v(x) x © I'(s) sin(s=2u) = ax,
0

0 <Re s < 1.
this equation F(s) can be solved as
F(S) = l COSs um J 1!)(}’;) X"S F(S) .8l 8n ax .
m m
0 ’ cos(s+2u)§

we apply an inverse Mellin transformation to (3.4) and again obtain

rent solutions for negative and positive values of u.

. P ® )
£(B) = = cos um J v(x) U2u+1(28x,0) dx, if =1/2 < Re u < O,
0

cos um f ¥(x) Ugu_1(25x,0) dx, if 0 < Re n < 1/2,
0

H
o
N

Il
i
ERI

Uv(QBx,O) denotes Lommel's function of two variables.
-0
-Bxu u <

u2+1

(00
(2Bx,0) = sin(Bx=um) +‘% sin 2um J e

0

9)

op+ du,

if =1/2 < Re u < O,




.7

1 “ —-pxu u2~2u
U, _1(26x,0) = ~gin(Bx=-pmr) + = sin 2um J e 5
u +1

0

du,

if 0 < Re p < 1/2.

\ notation which might be useful is obtained by introducing the Laplace

;ransform ¥ of ¢

(3.7) Y(Bu) = J e-Bxu v(x) dx .
0
\gain we only state explicitly the results for negative Re u. Formula

’

'3.5) takes the form

© =) nalD
’ SN . X 2;_ ! . ) <l
13.8) £(8) = = cosun j P(x)sin(Bx~um)dx + —5 sinum cos“um { ¥(Bu) 5
m 'TT(_ ) u-_.+1
0 0
[t is easy to prove that
2 [“ U (2Bx,0) dx i f(o) sin(ox=um) do = £(B)
T 2].1i1 ? ¢
0 0

)ne can also show that the formulae (3.5) and (3.8) are equivalent to
;he formulae (2.8).

‘aking into consideration the properties of the known function y(x) in
iy special case it should not be too difficult to choose from (2.8),
.3.5) and (3.8) the representation of the solution which will yield the

juickest results.




e Helmholtz problem.

w proceed to consider equation (1.6)

J Fla) L?in ax - kY—1(a) cos aX] do = Y(x), x >0,
0

-~k = tg um, |Re u] < 1/2, is a known constant,

-2)1/2

y(a) = (1 + o , Re vy > O,

(x) is a given real uniformly HOlder continuous function.

(W
substitute s(x) = F(a) sin ax do into the integral equation

T

s(x) - %'k J I y—1(a) s(t) sin ot cos ox dt da = y(x), x > 0,
0 O

fter some manipulation,

© s(t)n, (x,t) ® s(t)h,(x,t)
s(x) -%j[ -——-E{—X————dt—%J —-———?_%c———-dt=w(x),x> 0,
0 , 0
ny (k) = o] K (lex])
b, (x,8) = [t+x] K, ([t+x])

11(x) is the first order modified Bessel function of the third kind.
‘der to conform to the notation of MUSKHELISHVILI [5] we introduce

unction

h.(x,t) = h,(x.,x) h.(x,t)
_ N 1 2
H(x,t) = t=x T T ’

|[t~x| K1(|t—x|) -1 |t+x| K1(|t+x|)
+

t=-x t+x ?




thich has no poles in the interval of integration. In this way we obtain

she singular integral equation

(o]

(
J s(t) H(x,t) at, - x > 0.
0

ER
ENi

(h.5) s(x) -

(" s(t) o, _
1 S at = u(x) +
0

Following MUSKHELISHVILI we first solve the so-called "dominant equation'

: E[Tst) o
4.6) s(x) - = f t— at = p(x), x >0,
0

oy ordinary Hilbert technigue.

[f we consider the sectionally holomorphiec function

) o) = 5y | 2 e
0

and we require &(z) to be uniformly bounded as |z| -+ 0 and as ]zl > o,

shen equation (4.6) is equivalent to

(4.8) (1-ik) o' (x) - (1+ik) o (x) = ¥(x), x> 0,
r else, with k = tg um,
(4.9) ¢+(x) = e2uTTi o (x) + eUTri cos um P(x), x >0,

+ . - - .
vhere ¢ (x) = llmy9+0 o(z) and ¢ (x) = lle+_0 o(z).
[his is nearly the same equation as (2.4) and its unique solution can

se written down immediately as

. _ © U
®(z) = L MM cos um z " J E.%é%l dt, if -1/2 < Re u < 0,

2ni
0
(4.10)
. e =l
>r o(z) ='—lr "™ cos um z1 H E———iiil-dt, if 0 < Re u < 1/2.
271 t-z —
0

de only state the results for -1/2 < Re u < 0 in the following. The
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7e get
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obtained when we substitute (L.10) in

) =06 (x) -0 (x) as

(® My
R RN I -u g () o
) = cos” um.P(x) + 57 sin 2um X f p— dt.
0

x) by v(x) + % s(t) H(x,t) dt. The resulting

iple Fredholm eqﬁation of the second kind which i

. to be equivalent to equation (L4.5). We get

3oL T ott) gy -
) - — sin um J pare at = o(x),
0

x)

0) = cos2 um x" v(x) + l---sin 2um

© U
£ y(t)
2T } t=x de.

0
ylosely resembies (3.1), so we apply a Mellin tre

t. Writing

il
Y—
8

>

>
|
Q
™

_ 8in um = 8 () R
. S(a) (A), 0 < Re A <

srse transformation to

- sin AT (\)
sin AT = sin um

asult

‘al
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representat s(x).

- M
;‘sin 2uT X% —Eiﬁl

u
tt+;t) at + n 2um

J £2Mu(s)

+
0 t+x

sin ox dx.
a we find

$in ax dx -

v(x) U dx -~
o]

P(x) Uu(2ax +

U2u+1(2ax,0

function of ariabl
¥(x) sometim iffere
Z.

3 .

-3 sin2um )cosax
H (
— dx + — si s XL J
+1 m 2

0

g on

ation
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>o An example.

\s an example we shall consider the potential of a point sow suated
.n the quarter plane x > 0, y > 0. This problem is governed 1

otential equation.

5.1) bu = =2m 8(x=x,) 8(y=y,), Xs%y > 0, Yoy, >

there § denotes the Dirac delta function.

{e impose the boundary conditions

u=0, x=0,y >0,
.5.2)

du . ou _

w o T x>0,y =0,

there k = tg um, =1/2 < u < 0, is a known real constant.

lo solve the problem we write

5.3) u = -ln!zz-zgl + ln[zz-Eg| + u(1),
shen (5.1) and (5.2) aré satisfied when

Au(1> = 0, ( X,y > 0,

u(1) = 0, x=0,y >0,
ind @%éll + k ﬁ%;ll = -(x), x>0,y =0,
5.4) where y(x) = =i (xlzo + xlzo - xlio - xlio)°
\gain we substitute

u(1) = J“ o £(a) sin ax e ¥ Qa,




1l

Laplace's equation and the first boundary condition are satisfied,
> f(a) can be solved from the second condition which takes the form

). Using (2.6) we obtain

. _ (®° 2u+1
) ¥(z) = 2 "™ eosut z 2u J S
0

i 2 2 ‘s~z s+z s~z S+2
s -z

valuate this integral by integrating along the contour shown in
re 1. The contribution of the large circle tends to zero as the

as of the circle tends to infinity.

e —
-~ Im e
T Complex s=plane.
P N

// p

/ \
/ - =7mi \
/ ®x 7 e *x 7 \
/ 0 0

consequence of the cut along the positive real axis in the s-plane
ust distinguish between O < arg z < m and m < arg z < 2m.

he first case

. o 2 +1 .
buriy [ s , .oumi . 2u+1 1 1
-— = =47 7, — +
(1-e ) J 32—22 v(s)ds bie™ “sinum z (22-22 R )
0 2ut1 0 O:2U+1
. oumi . oomumi B
+ lhie sinunm 55 + hie sinpm —5——
7~z PAY

0 C
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ind in the second case

Z2u+1
. =umi . 2u+1 1 _ 1 . umi . 0
= lie sinum z (22_ 5 2_'_2_2) + Lie" Tsinum 2_22 +
50 2 7% Z "%
-2yt
i z211 !
+ hie " sinum —5 = -
z‘-zO

"he real axis in the z-plane is a line of discontinuity. The points

mL =Tl
2= 2o 28 0 however are no poles as would appear from a

superficial look at the formulae.

> 2o 2

Je confine ourselves to the area 0 < arg z < T where

-2u . -2u
. 27 27 2u+l gz =2umTi =2u+l1 2z
! = - -— ——— -
5.6) ¥(z) 2.2 20 22 2_2 2e ‘0 2 =2
o % 7% 0 s
ind in the limiting case
2u+1
+ -2 —-umi ZO
Re{¥ (x)} = -bcos um x Refe —E;—zg} .
x =z
0
\ccording to (2.10)
. i ® + : ' 2 =2,
5.7) u(1) = %F J Re{¥ (t)} [ln(t2-z2) - 1n(t -22}] dt.

0

Ve first consider the following integral

I= J ¥(t) [1n(t2-z2) - 1n(t2-22[] dt

== 00

ind determine it by integrating along the contour of figure 2. Each of
;he logarithms is associated with two branch points in the complex
;=plane, respectively t = z, zem.L and t = ;, Ee—“i. The integral over
;he large half circle tends to zero as the radius of the circle tends

;0 infinity.
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Complex t

V7

Ret
Figure 2.

manipulation shows that

2.22) - 1n(+°-2%)] at,

[eo) + .
I=2 J Re{¥ (t)} [1n(t
0
the integral we need to determine (5.7) and also
wei¢ _ -2 .
I= J ¥(t) [In(t-z) - 1n e " (t-z)] at -

(t+2)] dat

we . - - .
J ¥(t) [In(t+z) - 1n e =™

(5.6) we see that the integrals over the first two terms of

f the type
i¢ i(m=¢)
(~€ tdt . (® tdt 1 2 o, 1
- - = - ——=-7%1n(z"=¢%) + 5 1n
. 2 .2 2 2 2 2
Z =m1 t = Z =m1 t =&
ze ze

ther integrands are of the type

E2u+1t—2u _ <§/t)2u

= [ 1 - 1 ‘J
(22 2 (t/g)=-1  (t/g)+1
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nd the best results are obtained by expanding (E/t)zu in terms of

orresponding denominator, e.g.

(/)% = [(6/e)=1+1]72" = T (72 [(s/8)=1]", if |(+/£)-1]

n=0 n

i

T3 [(6/6)-117%%2, e | (6/8)

n=0 n

'he choice of the point of observation in x > 0, y > 0 determines w

'xpansions must be used as is shown in figure 3.

X,z=plane

Iv

Figure 3.

£ |(t/g)=1] < 1 or |(t/g)=1] > 1 along all of the line parallel to
eal t—axis connecting t = ze " and t = z we close the contour usi
his line and tie arc of a circle at infinity.

W(ﬁ/

e
j e at =
zZe
= ln(Ee_ﬂi-E)-ln(z-E) + ) (T2 A [(;e_ﬂi-i)n-(z-i)n],

in the first case.
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o 2u+n .
_ -2u, & = =Tl__\=2u=n _ _ o\ "2umn
= Z (L) " [(ze £) (z-£) 1,

in the second case.

1 other cases we close the contour using the arc of a circle at
ity combined with a curve connecting t = Ee-ﬂi and t = z in such
that either we can use one type of expansion on all of the curve
e curve is divided in two parts at a convenient point (t = 0) so
on each of the parts one type of expansion holds. The resulting
rals are of the same type as above.

nally obtain

72+7 o z=7 ztz
(1)

-2 1 0]
W st - T I D ret (D" - (-1 (D)) -
"0 n=1 - c ‘0
o Z+z . zw;
- N O\ =~2u~7 -2 . O\~2u~n
=T Sl Re( (<) (TR L g 0y
n=0 M e 70
(x,y)& T,
(1) (z+z4)z, S =2uy 1 “TZ0n
u = ln|-*2;—z;-| + 7 cotg 2ur - ) ( ) — Re {( )= (=1)
- & n’'n z
z 'ZO n=1 0
. z+z
-2u 1 n =2umi 0\=2u=
- 1 O g Rel=))® T ()T
n=0 0
n Z+ZO -2u=n =2uT1 EO =2u=n
+ (=17 () e (=) 1, (x,y)e 11,
0 0
(1) (z+2,)z, ~oumi Z';o
) u' ‘= 1n ) - Refe ln(fg—;)} + m(cotg 2um = sin 2um)
Z —zO 0
z=7z . -z
-2 1 -2
- Z (7MY = Re{( O)n + e M (—= O)n - (-1)n(1+cos 2um)
= n z 2
n=1 0 0
o . z+z
-2 1 n =2 0,=2u-
- L M) gap Rel(=1)T M ()T
n=0 - 0
n Z+ZO =-2u=-n n
+ (=1)7 () - (=1)"1, (x,y)e I1I




ed tha
and (5
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0\=2u-
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for x

for x
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sendix.

ar way of solving this problem is by using the general method

>ped by LAUWERIER [3], although this implies that we cannot make
timal use of the simple geometry of the problem. The solution

red in this way shows obvious similarities with the solution of

on 4. However it is difficult to show the equivalence of both forms.
ar difficulties were encountered by LAUWERIER [ﬁ] in the comparison

5 results with those obtained by Peters.

11 just state the different formulae. With a small change in notation
ite (1.3) as

u = { g(w) sin(x sh w) e-yChW aw
/
2 (o)
== J sin(t sh w) dt,
0
s(t) is given in (4.15) a

ul

-y [T M
(t) = cosguﬂ.w(t) + %F sin 2ur t " % E—gé%l ds -

0
- sin um t " b §E&L§l ds + 1 sin 2 ﬂ‘t-zu [ EEEELEl ds +
om H J S+t o H T 5=t
0

am

Lauwverier's method we get

- % cos wum I:ch(wﬂmi) ¥ ch(éEZﬂijj J b(t) sin(tsh) at +
0
1 *U(t) cht  _ __ cht dt
3 chw K(w) % K(t) |:ch(tﬂnri) ch(t-uwi)] sht-shw °

0




+ri/2, 2)m
_']_ stw .
2 ,
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